Zero dispersion and viscosity limits of invariant manifolds for focusing nonlinear Schrödinger equations (NLS) are studied. We start with spatially uniform and temporally periodic solutions (the so-called Stokes waves). We find that the spectra of the linear NLS at the Stokes waves often have surprising limits as dispersion or viscosity tends to zero. When dispersion (or viscosity) is set to zero, the size of invariant manifolds and/or Fenichel fibers approaches zero as viscosity (or dispersion) tends to zero. When dispersion (or viscosity) is nonzero, the size of invariant manifolds and/or Fenichel fibers approaches a nonzero limit as viscosity (or dispersion) tends to zero. When dispersion is nonzero, the center-stable manifold, as a function of viscosity, is not smooth at zero viscosity. A subset of the center-stable manifold is smooth at zero viscosity. The unstable Fenichel fiber is smooth at zero viscosity. When viscosity is nonzero, the stable Fenichel fiber is smooth at zero dispersion.  2005 Elsevier Inc. All rights reserved.
Introduction
The topic of zero viscosity and zero dispersion limits is one of the greatest mathematical problems. In the early 1950s, Hopf [1] and Cole [2] obtained beautiful results on the zero viscosity limit of solutions to the Burgers equation. In the 1970s, Kato [3, 4] made a breakthrough in solving the well-posedness problem of Navier-Stokes equations and studying their zero viscosity limits. Zero viscosity limits of solutions of Navier-Stokes equations and other equations were revisited and extensively studied in the late 1990s [5] [6] [7] [8] . In the 1980s, Lax and his pupils [9] [10] [11] conducted a thorough and elegant study on the zero dispersion limit of solutions of Korteweg-de Vries equation. It turned out that zero dispersion limit is a much harder problem than zero viscosity limit.
Our interest in zero dispersion and zero viscosity limits is not on the weak or strong limits of individual solutions, rather on the limits of the spectra of linear operators and the corresponding invariant manifolds and/or invariant foliations. For Navier-Stokes equations, the most important question on invariant manifolds for studying chaos and turbulence, is their zero viscosity limit. Setting viscosity to zero, Navier-Stokes equations are reduced to Euler equations. For Euler equations, existence of invariant manifolds is a difficult open problem. Zero viscosity limit of proved invariant manifolds of Navier-Stokes equations is rather interesting [12] , that is, the sizes of the unstable manifold and the center-stable manifold are O( √ ν ), while the sizes of the stable manifold, the center manifold, and the center-unstable manifold are O(ν), as the viscosity ν → 0 + . The zero viscosity limit of the spectrum of a linear Navier-Stokes operator does not fully converge to that of the corresponding linear Euler operator. Unstable eigenvalues do converge, but not center and stable spectra. Linear Navier-Stokes operators have only discrete spectra with stable eigenvalues being around the real axis, whereas, linear Euler operators have continuous spectra around the imaginary axis. In this article, we choose an easier equation to study, that is, the focusing nonlinear Schrödinger equation (NLS). We shall study the zero dispersion and zero viscosity limits of its invariant manifolds and/or foliations.
The article is organized as follows. Section 2 is on the formulation of the problem. Section 3 is on the limit: ν = 0 and µ → 0 + . Section 4 is on the limit: µ = 0 and ν → 0 + . Section 5 is on the limit: fixed ν > 0 and µ → 0 + . Section 6 is on the limit: fixed µ > 0 and ν → 0 + .
Formulation of the problem
We shall study the following nonlinear Schrödinger equation (NLS), Setting µ = ν = 0 (or setting q = 0), we get an ordinary differential equation
defined on the invariant complex plane
Solutions in Π are the Stokes waves which are periodic orbits,
Introducing the new variable p as follows:
we get the equation for p
which can be rewritten as
where
and
Thus the linear NLS is given as
Expanding p into Fourier series
we get
where v 1 and v 2 are constants, we get 6) which are eigenvalues of the linear NLS operator L (2.5). In fact, this is the representation of the entire spectrum of L.
3. ν = 0 and µ → 0 + In this case,
where c = 2na
The maximum of f (z) is located at z = Thus, when 0 < µ < 2na 2n , the eigenvalues (3.1) are distributed as in Fig. 2 . Setting µ = 0, the only eigenvalue is zero (Fig. 3 ). When 0 < µ < 2na 2n , the unstable and stable modes are determined by the condition: Proof. The proof in [13, 14] can be easily generalized here. In fact, the computation here is simpler. The crucial fact is that for the general NLS (2.1), we only need the nonlinear terms to be Lipschitz, which is the case when working with the Banach algebra
. Here we will only give a brief sketch on the set-up of the proof. The full proof is quite long. According to the unstable and stable eigenvalues and eigenvectors, the new variable p in (2.4) can be splitted as
The linear operator L can be splitted as
Equation (2.4) can be rewritten as
where G z is the corresponding projection. After certain cutoff on the term G z , one can use the method of variation of parameters to obtain
For example, if one wants to prove the existence of a center-unstable manifold, one can set up a temporally weighted Banach space B , where > 0 is small,
For p(t) ∈ B , , when z = s in (3.3), let t 0 → −∞, and when z = u, c, let t 0 = 0, one obtains
The right-hand side of (3.4)-(3.5) defines a map Γ on B , . Due to the fact that
) is a Banach algebra, one can show that Γ is a contraction. This is the brief set-up of the proof. For details, see [13, 14] . 2 Proof. The maximum of the function (3.2) happens at z = 1 2 c which leads to
We choose k's such that only their first components k 1 's are nonzero. Let
where [y] denotes the greatest integer less than or equal to y. Then
In the neighborhood of z = 1 2 c,
As an example, take d = 1 and n = 1, i.e. the 1D cubic NLS, a Darboux transformation generates the following solution which is homoclinic to the periodic solution (2.3) [14] :
When a/ √ µ is an integer, this is a spatially periodic solution. As µ → 0 + , this solution has fast spatial oscillations. There is no strong limit. For any fixed µ > 0, let δ be the smallest positive real part of the eigenvalues. Then 0 < δ < √ µ √ 2na n , which can be seen by taking |k| = 1. As µ → 0 + , one can visualize the deformation of the spectrum as the eigenvalues on the imaginary axis moving down to the real axis; alternatively, in Fig. 1 , the points µ|k| 2 on the z-axis moving to the left.
Lemma 3.4. The number of unstable modes (= the number of stable modes) is of order
By estimating through the integral equations like (3.4)-(3.5), one can obtain the following theorem. Proof. For any > 0, consider the set
Notice that
Then the correspondingλ andλ satisfy
Thus in the limit µ → 0 + , the eigenvalues are everywhere dense in S. Letting → 0 + implies that the eigenvalues are everywhere dense in [− 
µ = 0 and ν → 0 +
In this case, λ = −ν|k| 2 (Fig. 5) . Setting ν = 0, of course, we get only one eigenvalue which is zero (Fig. 3) . bases q ∈ A, where A is an annular neighborhood of (2.3) in Π (2.2) . F s (q) is C ∞ in q. Let F t be the evolution operator of (2.1). For any q s ∈ F s (q),
10 νt q s − q , ∀t 0.
the width of the tubular neighborhood is of order O(ν).
Proof. Here the set-up is as follows: p in (2.4) can be splitted as
where p c is the spatial mean of p. Then one can obtain similar integral equation as (3.4)-(3.5) to conduct contraction map arguments. 2
A simpler proof than that for Lemma 3.6 leads to the following lemma. In this case, (2.6) can be rewritten as
where z = µ|k| 2 , c = 2na 2n .
Lemma 5.1. For any fixed ν > 0, when µ is sufficiently small, the real parts of all the eigenvalues except 0 are negative.
Proof. Notice that
See Fig. 7 for the graphs of g 1 (z) and g 2 (z). The functions g 1 (z) and g 2 (z) intersect at two points given by
Corresponding to the eigenvalues, z = µ|k| 2 . The smallest of such nonzero z's is z = µ. When µ is sufficiently small,
Thus for all the eigenvalues except 0, g 1 (z) > g 2 (z). Therefore, the real parts of all the eigenvalues except 0 are negative. 2 Proof. Fix any large Λ > 0, consider the disc |λ| < Λ. For all |k| 2 < Λ/ν + 1, when µ is small enough,
In this case, the eigenvalues inside the disc |λ| < Λ correspond to |k| 2 < Λ/ν + 1. For such k's,
Thus, inside the disc |λ| < Λ, the spectrum converges uniformly to that of µ = 0 as µ → 0 + . Lemma 6.1. For any fixed µ, 0 < µ < 2na 2n , when ν is sufficiently small, the number of unstable modes is unchanged.
Proof. As in the proof of Lemma 5.1, g 1 (z) and g 2 (z) intersect at two points (5.2), see Fig. 9 . When ν → 0 + , the second intersection point approaches c. For the unstable modes, 0 < µ|k| 2 < c. Thus, when ν is sufficiently small, the number of unstable modes is not affected by −ν|k| 2 . 2 Figure 10 illustrates the spectrum for ν is sufficiently small (µ = c/|k| 2 , ∀k). Setting ν = 0, of course, one gets Fig. 2 . A similar proof as that for Lemma 5.2 implies the following lemma. Proof. Here the proof is a direct generalization of that in [14] to the general NLS (2.1). The higher dimension and general nonlinearity do not pose any difficulty. 2
Conclusion
We have studied the problem of zero dispersion and viscosity limits of invariant manifolds through a simple example: a nonlinear Schrödinger equation. We found that the limits are often surprising and interesting. We also found that for the regularity of invariant manifolds, the zero viscosity limit is more complicated than the zero dispersion limit. This fact is just the opposite to that of the zero dispersion and viscosity limits of solutions [9] [10] [11] .
This study serves as a guide for a more complicated problem: The zero dispersion and viscosity limits of invariant manifolds for Navier-Stokes equations which is still a rather open problem [12] .
